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This document contains derivations for the method-of-moments algorithms used in the
paper. The first section describes the general approach to deriving multiplicative update
rules for the components of a non-negative matrix factorization (NMF). The next section
discusses the convergence properties of NMF. Then we give the pseudocode of the se-
quence clustering algorithm for mixture of HMMs. And finally, the derivations for the mix-
ture of HMMs, the switching HMM, and the factorial HMM are given. Some of the notation
used here may differ slightly from that of the paper.

1 MATRIX FACTORIZATION

A nonnegative matrix factorization is a relationship between two nonnegative matrices, the
second of which is a function of other nonnegative matrices. For example, we may have:

P ≈ W H , (1)

where P ∈ RL×L+ is expressed in terms of W ∈ RL×J
+ and H ∈ RJ×L

+ . The + subscript indi-
cates non-negativity. We can derive multiplicative update rules as part of a gradient descent
scheme to optimize these factors. This approach was introduced in [Lee & Seung(2001)Lee and Seung].
In this paper, we minimize a Kullback-Liebler (KL) divergence error criterion between an
empirical matrix V and its (theoretical) factorization P:

D (V,P) = tr

[
VT log

(
V .

P

)
−1LL V+1LL P

]
∝ tr

[−VT log(P)+1LL P
]

(2)

We apply the rules of matrix calculus [Magnus & Neudecker(1999)Magnus and Neudecker]
to find the partial derivatives of D (V,P) with respect to the terms in the factorization:

∂D

∂W
=−

(
V .

P

)
HT +1LLHT ,

∂D

∂H
=−WT

(
V .

P

)
+WT 1LL . (3)

We choose the step sizes in a gradient descent scheme:

W = W−ηW ¯ ∂D

∂W
, H = H−ηH ¯ ∂D

∂H
, (4)
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to be:

ηW = W .

1LLHT
, ηH = H .

WT 1LL
, (5)

to derive the multiplicative updates:

W = W¯
(V .

P

)
HT .

1LLHT
, H = H¯ WT

(V .
P

)
.

WT 1LL
. (6)

where ¯ indicates element-wise multiplication. If the matrices are supposed to be nor-
malized in some way (e.g. column-wise), then this normalization is performed after the
corresponding update. These updates are iterated until convergence. If the matrices are
initializes with nonnegative values, they will stay this way throughout the optimization. We
will follow this general procedure to derive all the update rules in this document.

1.1 RELATIONSHIP WITH EM AND CONVERGENCE OF NMF

A set of update equations derived via the KL divergence criterion for discrete-valued mod-
els corresponds to an EM algorithm. This equivalence was discussed in
[Ding et al.(2008)Ding, Li, and Peng] in the context of the non-negative matrix factoriza-
tion:

P ≈ WH , (7)

and the corresponding probabilistic decomposition:

P
(
t , f

)=∑
z

P
(

f |z)
P (t , z) . (8)

Multiplicative updates derived from the former are equivalent to EM updates (PLSI)
[Hofmann(1999)] derived from the latter up to a normalization. In this paper, we present
algorithms derived from matrix factorizations that have equivalent probabilistic decom-
positions. Thus, since they are equivalent to an EM algorithm (after appropriate normal-
ization), they are guaranteed to converge to a local optimum of the cost function. This is
observed in practice.
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2 PSEUDOCODE FOR MIXTURE OF HMMS

Algorithm 1 Sequence clustering via learning mixture of HMMs with NMF-MoM.
Input: Sequences x1:N

Output: Estimated clustering assignments ĥ1:N .
1. Compute empirical moment estimate V.
3. Estimate model parameters θ1:K using NMF-MoM.
4. ∀n ∈ {1, . . . N }, ĥn = argmaxk p(xn |θk ).
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3 MIXTURE OF HIDDEN MARKOV MODELS

In this section, we derive the multiplicative update schemes to learn the parameters of a
MHMM from any of the first four empirical moments.

3.1 MOMENT MATRIX DECOMPOSITIONS

The probabilistic decompositions of the first four joint distributions are:

P (xt ) =
∑
k

P (hk )
∑
rt

P (xt |rt ,hk )P (rt |hk ) , (9)

P (xt :t+1) =
∑
k

P (hk )
∑

rt :t+1

P (xt+1|rt+1,hk )P (rt+1|rt ,hk )P (rt |hk )P (xt |rt ,hk ) , (10)

P (xt :t+2) =
∑
k

P (hk )
∑

rt :t+2

P (xt+2|rt+2,hk )P (rt+2|rt+1,hk ) · · ·

P (xt+1|rt+1,hk )P (rt+1|rt ,hk )P (rt |hk )P (xt |rt ,hk ) , (11)

P (xt :t+3) =
∑
k

P (hk )
∑

rt :t+3

P (xt+3|rt+3,hk )P (rt+3|rt+2,hk )P (xt+2|rt+2,hk ) · · ·

P (rt+2|rt+1,hk )P (xt+1|rt+1,hk )P (rt+1|rt ,hk )P (rt |hk )P (xt |rt ,hk ) , (12)

The corresponding moment matrices are:

P1 = E[xt ] , (13)

P2 = E[xt+1 ⊗xt ] , (14)

P3 = E[xt+2 ⊗xt+1 ⊗xt ] , (15)

P4 = E[xt+3 ⊗xt+2 ⊗xt+1 ⊗xt ] , (16)

where ⊗ denotes an outer product. The factorizations of these matrices are, respectively:

P1 = Õπ̃ , (17)

P2 = Õ Ā di ag (π̃)ÕT , (18)

P3
(

: , j , :
)= Õ Ā di ag

[
Õ

(
j , :

)]
Ā di ag (π̃)ÕT , (19)

P4
(

: , j , k , :
)= Õ Ā di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT , (20)

where:

Ā =
A1 0 0

0 A2 0
0 0 A3

 , π̃=


π1ν1

π2ν2
...

πKνK

 . (21)
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3.2 1ST MOMENT FACTORIZATION

The KL error is:

D (V,P1) ∝ tr
[−VT log(P1)+11LP1

]
. (22)

The partial derivatives are:

∂D

∂Õ
=−Xπ̃T +1L1π̃

T ,
∂D

∂π̃
=−ÕT X+ ÕT 1L1 , (23)

where X = V .
P1

. The multiplicative updates are:

Õ = Õ¯ Xπ̃T .

1L1π̃
T

, π̃= π̃¯ ÕT X .

ÕT 1L1
. (24)

These parameter matrices should be normalized column-wise after each update.

3.3 2ND MOMENT FACTORIZATION

We can use two methods. The first absorbs di ag (π̃) into Ā so that only two matrices are
optimized (with no loss of information). The second optimizes all three parameter matri-
ces.

3.3.1 TAKE 1

The factorization can be written as:

P = Õ Ã ÕT = [
O1 O2 O3

]π1 Â1 0 0
0 π2 Â2 0
0 0 π3 Â3

OT
1

OT
2

OT
3

 . (25)

The KL divergence error criterion is:

D (V,P2) ∝ tr
[−VT log(P2)+1LLP2

]
. (26)

The partial derivatives are:

∂D

∂Õ
=−XT ÕÃ−X ÕÃT +1LLÕ

(
ÃT + Ã

)
, (27)

∂D

∂Ã
=−ÕT X Õ+ ÕT 1LLÕ , (28)

where X = V .
P2

. The resulting multiplicative updates are:

Õ = Õ¯ XT ÕÃ+X ÕÃT .

1LLÕ
(
ÃT + Ã

) , Ã = Ã¯ ÕT X Õ

ÕT 1LLÕ
. (29)
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Considering normalization properties of the parameter matrices, the denominators sim-
plify to:

1L1
[(

Ã+ I
)

1L1
]T , 1JK ,JK . (30)

After each iteration, Õ should be normalized column-wise and Ã should be normalized
over the entire matrix.

3.3.2 TAKE 2

We can also derive updates that optimize Ã and π̃ separately. The KL error is given by (26).
The partial derivatives are:

∂D

∂Õ
=−X Õdi ag (π̃) ĀT −XT ÕĀdi ag (π̃)+1LLÕ

(
di ag (π̃) ĀT + Ādi ag (π̃)

)
, (31)

∂D

∂Ā
=−ÕT X Õdi ag (π̃)+ ÕT 1LLÕdi ag (π̃) , (32)

∂D

∂π̃
=−[

ĀT ÕT X¯ ÕT ]
1L1 + ĀT ÕT 1L1 ¯ ÕT 1L1 , (33)

The multiplicative updates are:

Õ = Õ¯ X Õdi ag (π̃) ĀT +XT ÕĀdi ag (π̃) .

1LLÕ
(
di ag (π̃) ĀT + Ādi ag (π̃)

) ,

Ā = Ā¯ ÕT X Õ .

ÕT 1LLÕ
, π̃= π̃¯

[
ĀT ÕT X¯ ÕT

]
1L1 .

ĀT ÕT 1L1 ¯ ÕT 1L1
.

(34)

(35)

Considering normalization properties of the parameter matrices, the denominators sim-
plify to:

1L1
[(

Ā+ I
)
π̃

]T , 1JK ,JK , 1JK ,1 . (36)

After each iteration, all matrices should be normalized column-wise.

3.4 3RD MOMENT FACTORIZATION

The KL error is:

D ∝
L∑

j=1
tr

[
−VT

: j : log
(
P: j :

)+1LL P: j :

]
. (37)
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3.4.1 UPDATE OF Õ MATRIX

Taking partial derivatives with respect to the first and third appearances of Õ, we have:
∂D

∂Õ
=−∑

j
X j UT

:: j +XT
j W:: j +1LL UT

:: j +1LL W:: j , (38)

and with respect to the second appearance of Õ, we have:
∂D

∂Õ j :
=−11L

[
XT

j H¯GT
]
+ [

11L H¯11L GT ]
, (39)

where

X j =
V: j :

P: j :
, (40)

U:: j = Ā di ag
(
Õ

(
j , :

))
G , (41)

H = Õ Ā , (42)

G = Ā di ag (π̃)ÕT , (43)

W:: j = H di ag
(
Õ

(
j , :

))
Ā di ag (π̃) . (44)

Thus, the multiplicative update is:

Õ = Õ¯

(
11L

[
XT

j H¯GT
])

r ow s: j
+∑

j
X j UT

:: j +XT
j W:: j .

1L1
[
11L H¯11L GT

]+1LL
∑
j

UT
:: j +W:: j

, (45)

where the notation
(
x j

)
r ow s: j indicates that a matrix should be formed whose j th row is

equal to x j . Simplifying the denominator via normalization properties, we get:

1L1
[(

Ā2 + Ā+ I
)
π̃

]T
. (46)

3.4.2 UPDATE OF Ā MATRIX

Taking the partial derivative with respect to Ā, we get:
∂D

∂ Ā
=−∑

j
ÕT X j GT di ag

(
Õ

(
j , :

))+di ag
(
Õ

(
j , :

))
HT X j M

+ ÕT 1LL GT di ag
(
1T Õ

)+di ag
(
1T Õ

)
HT 1LL M . (47)

where G and H are defined as in the updates for Õ and:

M = Õ di ag (π̃) . (48)

So, we have the following multiplicative update for Ā:

Ā = Ā¯

∑
j

ÕT X j GT di ag
(
Õ

(
j , :

))+di ag
(
Õ

(
j , :

))
HT X j M .

ÕT 1LL GT di ag
(
1T Õ

)+di ag
(
1T Õ

)
HT 1LL M

. (49)

Taking normalization properties into account, the denominator simplifies to:

1JK ,1
[(

Ā+ I
)
π̃

]T . (50)
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3.4.3 UPDATE OF π̃ VECTOR

Taking the partial derivative with respect to π̃, we get:

∂D

∂π̃
=∑

j
−

[
YT

:: j X j ¯ ÕT
]

1L1 +
[

YT
:: j 1L1 ¯ ÕT 1L1

]
, (51)

where

Y:: j = Õ Ā di ag
(
Õ

(
j , :

))
Ā . (52)

Thus, we have the multiplicative update for π̃:

π̃= π̃¯

∑
j

[
YT

:: j X j ¯ ÕT
]

1L1 .∑
j

YT
:: j 1L1 ¯ ÕT 1L1

. (53)

Application of normalization properties results in a denominator equal to 1JK ,1.

3.4.4 OVERALL UPDATES

Overall, we have the following multiplicative updates:

Õ = Õ¯

(
11L

[
XT

j H¯GT
])

r ow s: j
+∑

j
X j UT

:: j +XT
j W:: j .

1L1
[
11L H¯11L GT

]+1LL
∑
j

UT
:: j +W:: j

,

Ā = Ā¯

∑
j

ÕT X j GT di ag
(
Õ

(
j , :

))+di ag
(
Õ

(
j , :

))
HT X j M .

ÕT 1LL GT di ag
(
1T Õ

)+di ag
(
1T Õ

)
HT 1LL M

,

π̃= π̃¯

∑
j

[
YT

:: j X j ¯ ÕT
]

1L1 .∑
j

YT
:: j 1L1 ¯ ÕT 1L1

.

(54)

(55)

(56)

After each iteration, all matrices should be normalized column-wise.

3.5 4TH MOMENT FACTORIZATION

The KL error is:

D ∝∑
j

∑
k

tr
[
−VT

: j k: log
(
P: j k:

)+1LL P: j k:

]
. (57)

The partial derivative with respect to Õ is:
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∂D

∂Õ
=−

[∑
j

∑
k

Y: j k:
(
Ā di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T · · ·

+∑
k

(
11L

[
YT

: j k:ÕĀ¯ (
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

])
r ow s: j

· · ·

+∑
j

(
11L

[
YT

: j k:ÕĀ di ag
[
Õ

(
j , :

)]
Ā¯ (

Ā di ag (π̃)ÕT )T
])

r ow s:k
· · ·

+∑
j

∑
k

YT
: j k:ÕĀ di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)

]
· · ·

+
[∑

j

∑
k

1LL
(
Ā di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T · · ·

+∑
k

1L1

[
11L ÕĀ¯11L

(
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

]
· · ·

+∑
j

1L1

[
11L ÕĀ di ag

[
Õ

(
j , :

)]
Ā¯11L

(
Ā di ag (π̃)ÕT )T

]
· · ·

+∑
j

∑
k

1LL ÕĀ di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)

]
(58)

=−∑
j

∑
k

[
Y: j k:G

T
:: j k +YT

: j k:L:: j k

]
−∑

k

(
11L

[
YT

: j k:Q¯HT
::k

])
r ow s: j

−∑
j

(
11L

[
YT

: j k:M:: j ¯RT
])

r ow s:k
· · ·

+1LLḠT + [
1LLQ¯1LLH̄T ]+ [

1LLM̄¯1LLRT ]+1LLL̄ . (59)

where:

Y: j k: =
V: j k: .

P: j k:
, (60)

G:: j k = Ā di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT = Ā di ag

[
Õ

(
j , :

)]
H::k , (61)

H::k = Ā di ag
[
Õ (k , :)

]
Ā di ag (π̃)ÕT = Ā di ag

[
Õ (k , :)

]
R , (62)

M:: j = ÕĀ di ag
[
Õ

(
j , :

)]
Ā = Q di ag

[
Õ

(
j , :

)]
Ā , (63)

L:: j k = ÕĀ di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃) = M:: j di ag

[
Õ (k , :)

]
Ā di ag (π̃) ,

(64)

Q = ÕĀ , (65)

R = Ā di ag (π̃)ÕT , (66)

and a bar above a matrix indicates, for example:

Ḡ =∑
j

∑
k

G:: j k = Ā di ag
[
11LÕ

]
Ā di ag

[
11LÕ

]
Ā di ag (π̃)ÕT . (67)

The partial derivative with respect to Ā is:
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∂D

∂ Ā
=∑

j

∑
k
−

[
ÕT Y: j k:

(
di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

+ (
ÕĀ di ag

[
Õ

(
j , :

)])T
Y: j k:

(
di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

+ (
ÕĀ di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

])T
Y: j k:

(
di ag (π̃)ÕT )T

]
+∑

j

∑
k

[(
1LLÕ

)T (
di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

+ (
1LLÕĀ di ag

[
Õ

(
j , :

)])T (
di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT )T

+ (
1LLÕĀ di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

])T (
di ag (π̃)ÕT )T

]
(68)

=−∑
j

∑
k

ÕT Y: j k:S
T
:: j k +UT

:: j Y: j k:W
T
::k +XT

:: j k Y: j k:Z

+ ÕT 1LLS̄T + ŪT 1LLW̄T + X̄T 1LLZ (69)

=−
[

ÕT

(∑
j

∑
k

Y: j k:S
T
:: j k

)
+

(∑
j

∑
k

UT
:: j Y: j k:W

T
::k

)
+

(∑
j

∑
k

XT
:: j k Y: j k:

)
Z

]
+ ÕT 1LLS̄T + ŪT 1LLW̄T + X̄T 1LLZ , (70)

where:

S:: j k = di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā di ag (π̃)ÕT = di ag

[
Õ

(
j , :

)]
Ā W::k , (71)

U:: j = ÕĀ di ag
[
Õ

(
j , :

)]
, (72)

W::k = di ag
[
Õ (k , :)

]
Ā di ag (π̃)ÕT = di ag

[
Õ (k , :)

]
Ā ZT , (73)

X:: j k = ÕĀ di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]= U:: j Ā di ag
[
Õ (k , :)

]
, (74)

Z = Õ di ag (π̃) . (75)

The partial derivative with respect to π̃ is:

∂D

∂π̃
=∑

j

∑
k
−

[(
ÕĀ di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā
)T

Y: j k: ¯ ÕT
]

1L1

+∑
j

∑
k

[(
ÕĀ di ag

[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā
)T

1L1 ¯ ÕT 1L1

]
(76)

=−
[(∑

j

∑
k

BT
:: j k Y: j k:

)
¯ ÕT

]
1+ [

B̄T 1L1 ¯ ÕT 1L1
]

, (77)

where

B:: j k = ÕĀ di ag
[
Õ

(
j , :

)]
Ā di ag

[
Õ (k , :)

]
Ā . (78)

We can simplify these expressions by packing the Y: j k: terms into a large matrix:
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Ỹ =



Ỹ11 Ỹ12 · · · Ỹ1L

Ỹ21 Ỹ22 · · · Ỹ2L

...
...

. . .
...

ỸL1 ỸL2 · · · ỸLL .

=



Y:11: Y:12: · · · Y:1L:

Y:21: Y:22: · · · Y:2L:

...
...

. . .
...

Y:L1: Y:L2: · · · Y:LL: ,

 (79)

and defining block-vec and block-transpose operations such that:

bvec
(
Ỹ
)=



Ỹ11

Ỹ21

...

ỸL1

Ỹ12

Ỹ22

...



, ỸBT =



Ỹ11 Ỹ21 · · · ỸL1

Ỹ12 Ỹ22 · · · ỸL2

...
...

. . .
...

Ỹ1L Ỹ2L · · · ỸLL .

 (80)

With this notation, we can write the update rules as:

Õ = Õ¯
bvec

(
Ỹ
)BT bvec

(
G̃T

)+bvec
(
Ỹ
)T bvec

(
L̃
)+ (

11L
[
ỸT

i :Q¯ H̃T
]+11L

[
ỸT

:i M̃¯RT
])

r ow s: i

1LL
(
ḠT + L̄

)+ [
1LLQ¯1LLH̄T

]+ [
1LLM̄¯1LLRT

]
Ā = Ã¯ ÕT bvec

(
Ỹ
)BT bvec

(
S̃T

)+ ŨT Ỹ W̃T +bvec
(
X̃
)T bvec

(
Ỹ
)

Z

ÕT 1LLS̄T + ŪT 1LLW̄T + X̄T 1LL Z

π̃= π̃¯
[

bvec
(
B̃

)T bvec
(
Ỹ
)¯ ÕT

]
1L1

B̄T 1L1 ¯ ÕT 1L1

(81)

(82)

(83)

where block matrices (indicated by ∼’s) are defined in the same way that Ỹ is defined and
the notation S̃T indicates that the block matrix contains ST ’s. After each iteration, all ma-
trices should be normalized column-wise.
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4 SWITCHING HIDDEN MARKOV MODEL

In this section, we derive a multiplicative update scheme to learn the parameters of a
switching HMM.

4.1 EXPRESSING MOMENT MATRIX IN TERMS OF PARAMETERS

The probabilistic decomposition of the 2nd-order joint emission density is:

P (xt ,xt+1) =
∑
ht

∑
ht+1

P (ht ,ht+1) · · ·∑
rt

∑
rt+1

P (xt+1|rt+1,ht+1)P (rt+1|rt ,ht ,ht+1)P (rt |ht )P (xt |rt ,ht ) . (84)

The matrix factorization can be expressed as:

P =∑
i

∑
j

Oi Ã(i j )OT
j = Õ Ã ÕT , (85)

where Ã(i j ) denotes the (i , j )th block of:

Ã =



A1 B11 A12 B12 · · · A1K B1K

A21 B21 A2 B22 · · · A2K B2K

...
...

. . .
...

AK 1 BK 1 AK 2 BK 2 · · · AK BK K

 di ag (π̃) , (86)

and B is the switch state transition matrix.

4.2 DERIVING UPDATES FROM FACTORIZATION

The KL error function is:

D (V,P) ∝ tr
[−VT log(P)+1LLP

]
. (87)

The partial derivatives are:

∂D

∂Õ
=−X Õ ÃT −XT ÕÃ+1LLÕ

(
ÃT + Ā

)
, (88)

∂D

∂Ai j
=−OT

i X
(
Bi j π j di ag

(
ν j

)
OT

j

)T +OT
i 1LL

(
Bi j π j di ag

(
ν j

)
OT

j

)T
, (89)

∂D

∂Bi j
=−11L

[
X¯ π j

Bi j
Oi Ã(i j ) OT

j

]
1L1 +11L

[
π j

Bi j
Oi Ã(i j ) OT

j

]
1L1 , (90)

∂D

∂π̃
=−[

ÃT ÕT X¯ ÕT ]
1L1 + ÃT ÕT 1L1 ¯ ÕT 1L1 , (91)
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where X = V .
P . The multiplicative updates are:

Õ = Õ¯ X Õ ÃT +XT ÕÃ .

1LLÕ
(
ÃT + Ã

) , Ai j = Ai j ¯
OT

i X O j .

OT
i 1LLO j

,

Bi j = Bi j ¯
11L

[
X¯ Oi Ã(i j ) OT

j

]
1L1 .

11L

[
Oi Ã(i j ) OT

j

]
1L1

, π̃= π̃¯
[
ÃT ÕT X¯ ÕT

]
1L1 .

ÃT ÕT 1L1 ¯ ÕT 1L1
.

(92)

(93)

After each iteration, all matrices should be normalized column-wise.

4.3 3RD MOMENT MATRIX FACTORIZATION

The probabilistic decomposition of the 3rd-order joint emission density is:

P (xt ,xt+1,xt+2) =
∑
ht

∑
ht+1

∑
ht+2

P (ht+2|ht+1)P (ht+1|ht )P (ht ) · · ·∑
rt

∑
rt+1

∑
rt+2

P (xt+2|rt+2,ht+2)P (rt+2|rt+1,ht+1,ht+2)P (xt+1|rt+1,ht+1)P (rt+1|rt ,ht ,ht+1)P (rt |ht )P (xt |rt ,ht ) .

(94)

The corresponding moment tensor factorization is:

P: j : =
∑

i

∑
k

∑
l

Oi Bi k Ai k di ag
(
b j Ok

)
Bkl Akl di ag (πl νl )OT

l (95)

= Õ Ãdi ag
(
b j Õ

)
Ãdi ag (π̃)ÕT , (96)

where:

Ã =



A1 B11 A12 B12 · · · A1K B1K

A21 B21 A2 B22 · · · A2K B2K

...
...

. . .
...

AK 1 BK 1 AK 2 BK 2 · · · AK BK K

 . (97)

As far as Õ and π̃ are concerned, the corresponding update rules are identical to those of
the MHMM (3rd order). The remaining partial derivatives are:
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∂D

∂Ai k
=−∑

j
Bi k OT

i X j

(∑
l

di ag
(
b j Ok

)
Bkl Akl di ag (πlνl )OT

l

)T

+
(∑

i ′
Oi ′ Bi ′i Ai ′i di ag

(
b j Oi

)
Bi k

)T

X j
(
di ag (πkνk )OT

k

)T

(98)

+
[

Bi k OT
i 1LL

(∑
l

di ag (11LOk ) Bkl Akl di ag (πlνl )OT
l

)T

+
(∑

i ′
Oi ′ Bi ′i Ai ′i di ag (11LOi )Bi k

)T

1LL
(
di ag (πkνk )OT

k

)T

]
(99)

=−Bi k OT
i

(∑
j

X j GT
k j

)
−Bi k

(∑
j

Hi j X j

)
Ok di ag (πk νk )+Bi k OT

i 1LL

(∑
j

GT
k j

)
+Bi k

(∑
j

Hi j

)
1LLOk di ag (πk νk ) ,

(100)

∂D

∂Bi k
=∑

j
−11L

[
X j ¯

∑
l

Pi kl
: j :

]
1L1 −11L

[
X j ¯

∑
i ′

Pi ′i k
: j :

]
1L1 +11L

[∑
l

Pi kl
: j :

]
1L1 +11L

[∑
i ′

Pi ′i k
: j :

]
1L1 ,

(101)

where:

Pi kl
: j : = Oi Bi k Ai k di ag

(
b j Ok

)
Bkl Akl di ag (πl νl )OT

l , (102)

Gk j =
∑

l
di ag

(
b j Ok

)
Bkl Akl di ag (πl νl )OT

l = di ag
(
b j Ok

)
Ã(k:) di ag (π̃)ÕT , (103)

Hi j =
∑
i ′

Oi ′ Bi ′i Ai ′i di ag
(
b j Oi

)= ÕÃ(:i ) di ag
(
b j Oi

)
. (104)

The remaining multiplicative updates are:

A = A¯
ÕT

(∑
j

X j GT
: j

)
+

(∑
j

H: j X j

)
Õdi ag (π̃) .

ÕT 1LL

(∑
j

GT
: j

)
+

(∑
j

H: j

)
1LLÕdi ag (π̃)

,

Bi k = Bi k ¯
11L

[∑
j

(
X j ¯∑

l
Pi kl

: j :

)]
1L1 +11L

[∑
j

(
X j ¯∑

i ′
Pi ′i k

: j :

)]
1L1 .

11L

[∑
j

∑
l

Pi kl
: j :

]
1L1 +11L

[∑
j

∑
i ′

Pi ′i k
: j :

]
1L1

.

(105)

(106)
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5 FACTORIAL HIDDEN MARKOV MODEL

In this section, we will use the notation Ji j to indicate a matrix of ones of size Ji × J j , where
Ji is the number of states in the i th chain.

5.1 2ND MOMENT FACTORIZATION

We consider an additive emission model with uniform mixing:

P
(
xt |r 1

t ,r 2
t

)= 1

2

[
P

(
xt |r 1

t

)+P
(
xt |r 2

t

)]
. (107)

5.1.1 EXPRESSING MOMENT MATRIX IN TERMS OF PARAMETERS

The joint emission distribution can be decomposed as:

P (xt ,xt+1) =
∑
r 1

t

∑
r 2

t

∑
r 1

t+1

∑
r 2

t+1

P
(
xt |r 1

t ,r 2
t

)
P

(
r 1

t ,r 2
t ,r 1

t+1,r 2
t+1

)
P

(
xt+1|r 1

t+1,r 2
t+1

)
(108)

= 1

4

∑
r 1

t

∑
r 2

t

∑
r 1

t+1

∑
r 2

t+1

[∑
i

P
(
xt |r i

t

)]
P

(
r 1

t ,r 1
t+1

)
P

(
r 2

t ,r 2
t+1

)[∑
j

P
(
xt+1|r j

t+1

)]
(109)

∝∑
r 1

t

∑
r 2

t

∑
r 1

t+1

∑
r 2

t+1

[
P

(
xt |r 1

t

)
P

(
xt+1|r 1

t+1

)
P

(
r 1

t ,r 1
t+1

)]
P

(
r 2

t ,r 2
t+1

) · · ·

+ [
P

(
xt |r 1

t

)
P

(
xt+1|r 2

t+1

)
P

(
r 1

t

)
P

(
r 2

t ,r 2
t+1

)]
P

(
r 1

t+1|r 1
t

) · · ·
+ [

P
(
xt |r 2

t

)
P

(
xt+1|r 1

t+1

)
P

(
r 2

t

)
P

(
r 1

t ,r 1
t+1

)]
P

(
r 2

t+1|r 2
t

) · · ·
+ [

P
(
xt |z2

t

)
P

(
xt+1|z2

t+1

)
P

(
z2

t , z2
t+1

)]
P

(
z1

t , z1
t+1

)
. (110)

Splitting this into four terms and pushing the summations in gives:

P (xt ,xt+1) =
∑
r 1

t

∑
r 1

t+1

P
(
xt |r 1

t

)
P

(
xt+1|r 1

t+1

)
P

(
r 1

t ,r 1
t+1

) · · ·

+∑
z1

t

∑
z2

t

∑
r 2

t+1

P
(
xt |z1

t

)
P

(
xt+1|r 2

t+1

)
P

(
z1

t

)
P

(
r 2

t ,r 2
t+1

) · · ·

+∑
r 1

t

∑
r 2

t

∑
r 1

t+1

P
(
xt |z2

t

)
P

(
xt+1|r 1

t+1

)
P

(
z2

t

)
P

(
r 1

t ,r 1
t+1

) · · ·

+∑
r 2

t

∑
r 2

t+1

P
(
xt |r 2

t

)
P

(
xt+1|r 2

t+1

)
P

(
r 2

t ,r 2
t+1

)
, (111)

which we can re-arrange as:
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P (xt ,xt+1) =
∑
r 1

t

∑
r 1

t+1

P
(
xt |r 1

t

)
P

(
r 1

t ,r 1
t+1

)
P

(
xt+1|z1

t+1

) · · ·

+
∑

r 2
t

∑
r 2

t+1

P
(
r 2

t ,r 2
t+1

)
P

(
xt+1|r 2

t+1

)∑
r 1

t

P
(
xt |r 1

t

)
P

(
r 1

t

) · · ·

+
∑

z1
t

∑
r 1

t+1

P
(
r 1

t ,r 1
t+1

)
P

(
xt+1|r 1

t+1

)∑
r 2

t

P
(
xt |r 2

t

)
P

(
r 2

t

) · · ·

+∑
r 2

t

∑
r 2

t+1

P
(
xt |r 2

t

)
P

(
r 2

t ,r 2
t+1

)
P

(
xt+1|r 2

t+1

)
(112)

In matrix notation, this is:

P2 = O1Â1OT
1 + (

O2Â21J21
)(

11J1 Â1OT
1

)+ (
O1Â11J11

)(
11J2 Â2OT

2

)+O2Â2OT
2 (113)

= O1Â1OT
1 +O2Â2JT

12Â1OT
1 +O1Â1J12Â2OT

2 +O2Â2OT
2 . (114)

Grouping terms together, we can also write this as:

P2 = ÕÃÕT =
[

O1 O2

] Â1 Â1J12Â2

Â2JT
12Â1 Â2

OT
1

OT
2

 . (115)

5.1.2 DERIVING UPDATES FROM FACTORIZATION

The KL divergence error criterion is:

D (V,P2) ∝ tr
[−VT log(P2)+1LLP2

]
. (116)

The partial derivatives are:

∂D

∂O1
=−XT O1Â1 −XO1ÂT

1 −XT O2Â2JT
12Â1 −XO2ÂT

2 JT
12ÂT

1 · · ·
+1LLO1

(
Â1 + ÂT

1

)+1LLO2
(
Â2JT

12Â1 + ÂT
2 JT

12ÂT
1

)
, (117)

∂D

∂O2
=−XT O2Â2 −XO2ÂT

2 −XT O1Â1J12Â2 −XO1ÂT
1 J12ÂT

2 · · ·
+1LLO2

(
Â2 + ÂT

2

)+1LLO1
(
Â1J12Â2 + ÂT

1 J12ÂT
2

)
, (118)

∂D

∂ Â1
=−OT

1 XO1 −OT
1 XO2ÂT

2 JT
12 − J12ÂT

2 OT
2 XO1 · · ·

+OT
1 1LLO1 +OT

1 1LLO2ÂT
2 JT

12 + J12ÂT
2 OT

2 1LLO1 , (119)

∂D

∂ Â2
=−OT

2 XO2 −OT
2 XO1ÂT

1 J12 − JT
12ÂT

1 OT
1 XO2 · · ·

+OT
2 1LLO2 +OT

2 1LLO1ÂT
1 J12 + JT

12ÂT
1 OT

1 1LLO2 , (120)
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where X = V .
P2

. The resulting multiplicative updates are:

O1 = O1 ¯
XT O1Â1 +XO1ÂT

1 +XT O2Â2JT
12Â1 +XO2ÂT

2 JT
12ÂT

1

1LLO1
(
Â1 + ÂT

1

)+1LLO2
(
Â2JT

12Â1 + ÂT
2 JT

12ÂT
1

) , (121)

O2 = O2 ¯
XT O2Â2 +XO2ÂT

2 +XT O1Â1J12Â2 +XO1ÂT
1 J12ÂT

2

1LLO2
(
Â2 + ÂT

2

)+1LLO1
(
Â1J12Â2 + ÂT

1 J12ÂT
2

) , (122)

Â1 = Â1 ¯
OT

1 XO1 +OT
1 XO2ÂT

2 JT
12 + J12ÂT

2 OT
2 XO1

OT
1 1LLO1 +OT

1 1LLO2ÂT
2 JT

12 + J12ÂT
2 OT

2 1LLO1
, (123)

Â2 = Â2 ¯
OT

2 XO2 +OT
2 XO1ÂT

1 J12 + JT
12ÂT

1 OT
1 XO2

OT
2 1LLO2 +OT

2 1LLO1ÂT
1 J12 + JT

12ÂT
1 OT

1 1LLO2
. (124)

Taking advantage of normalization properties of the parameter matrices, we can simplify
the denominators to:

21L1
(
Â1 + ÂT

1

)
, 21L2

(
Â2 + ÂT

2

)
, 3J11 , 3J22 . (125)

Normalizing over the columns of Oi and over the entire Âi gives a matrix implementa-
tion of the corresponding EM algorithm. We can write the updates more compactly and
generally by invoking the block forms of Õ and Ã:

Õ = Õ¯ XT ÕÃ+XÕÃT .

1LLÕ
(
Ã+ ÃT

) ,

Â j = Â j ¯
ST

j R1
(
ÕT XÕ¯Q j

)
R2S j

ST
j R1

(
ÕT 1LLÕ¯Q j

)
R2S j

,

(126)

(127)

where, for the case of two HMMs:

R1 =
 I J12ÂT

2

JT
12ÂT

1 I

 , R2 =
 I ÂT

1 J12

ÂT
2 JT

12 I

 , (128)

S1 =
I

0

 , S2 =
0

I

 , (129)

Q1 =
J11 J12

JT
12 0

 , Q2 =
 0 J12

JT
12 J22

 . (130)

and for the case of three HMMs:
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R1 =


I J12ÂT

2 J13ÂT
3

JT
12ÂT

1 I J23ÂT
3

JT
13ÂT

1 JT
23ÂT

2 I

 , R2 =


I ÂT

1 J12 ÂT
1 J13

ÂT
2 JT

12 I ÂT
2 J23

ÂT
3 JT

13 ÂT
3 JT

23 I

 , (131)

S1 =


I

0

0

 , S2 =


0

I

0

 , S3 =


0

0

I

 , (132)

Q1 =


J11 J12 J13

JT
12 0 0

JT
13 0 0

 , Q2 =


0 J12 0

JT
12 J22 J23

0 JT
23 0

 , Q3 =


0 0 J13

0 0 J23

JT
13 JT

23 J33

 . (133)

5.2 3RD MOMENT FACTORIZATION

In this section, we derive the factorization of the 3th moment tensor in terms of the FHMM
parameters. We also derive the corresponding multiplicative updates.

5.2.1 EXPRESSING MOMENT MATRIX IN TERMS OF PARAMETERS

We can decompose the third-order joint emission density as:

P
(
xt ,xt+1 = j ,xt+2

)
(134)

= ∑
r 1:2

t :t+2

P
(
xt+2|r 1:2

t+2

)
P

(
r 1:2

t+2|r 1:2
t+1

)
P

(
xt+1 = j |r 1:2

t+1

)
P

(
r 1:2

t+1|r 1:2
t

)
P

(
r 1:2

t

)
P

(
xt |r 1:2

t

)
(135)

= 1

8

∑
r 1:2

t :t+2

[∑
a

P
(
xt+2|r a

t+2

)]
P

(
r 1:2

t+2|r 1:2
t+1

)[∑
b

P
(
xt+1 = j |r b

t+1

)]
P

(
r 1:2

t+1|r 1:2
t

)
P

(
r 1:2

t

)[∑
c

P
(
xt |r c

t

)]
.

(136)

Following the same procedure as for the second-order case, we arrive at a matrix expres-
sion for the third-order moment tensor factorization. We omit these tedious manipulations
for the sake of clarity. The factorization is given as:
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P: j : ∝ O1A1 di ag
[
O1

(
j , :

)]
A1 di ag (ν1)OT

1

+ (
O1A1 di ag

[
O1

(
j , :

)]
A1ν1

)
(O2ν2)T

+ (
O2

(
j , :

)
A2ν2

)(
O1A1A1 di ag (ν1)OT

1

)
+ (O1A1A1ν1)

(
O2

(
j , :

)
A2 di ag (ν2)OT

2

)
+ (O2A2A2ν2)

(
O1

(
j , :

)
A1 di ag (ν1)OT

1

)
+ (

O1
(

j , :
)

A1ν1
)(

O2A2A2 di ag (ν2)OT
2

)
+ (

O2A2 di ag
[
O2

(
j , :

)]
A2ν2

)
(O1ν1)T

+O2A2 di ag
[
O2

(
j , :

)]
A2 di ag (ν2)OT

2 . (137)

We can introduce a row vector bT
j that selects the j th row of Oi , i.e. O

(
j , :

) = bT
j Oi .

Grouping terms into corresponding pairs, we have:

P: j : ∝ O1A1 di ag
[

bT
j O1

]
A1 di ag (ν1)OT

1 +O2A2 di ag
[

bT
j O2

]
A2 di ag (ν2)OT

2

+O1A1 di ag
[

bT
j O1

]
A1ν1ν

T
2 OT

2 +O2A2 di ag
[

bT
j O2

]
A2ν2ν

T
1 OT

1

+
(
bT

j O1A1ν1

)
O2A2A2 di ag (ν2)OT

2 +
(
bT

j O2A2ν2

)
O1A1A1 di ag (ν1)OT

1

+O1A1A1ν1bT
j O2A2 di ag (ν2)OT

2 +O2A2A2ν2bT
j O1A1 di ag (ν1)OT

1 . (138)

5.2.2 DERIVING UPDATES FROM FACTORIZATION

The KL error is:

D ∝∑
j

tr
[
−VT

: j : log
(
P: j :

)+1LL P: j :

]
, (139)

and the partial derivatives with respect to the first chain’s parameters are:
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∂D

∂O1
=−∑

j

[
X j O1 di ag (ν1)AT

1 di ag
[

bT
j O1

]
AT

1 +b j 11L

[
XT

j O1A1 ¯O1 di ag (ν1)AT
1

]
+XT

j O1A1 di ag
[

bT
j O1

]
A1 di ag (ν1)+X j O2ν2ν

T
1 AT

1 di ag
[

bT
j O1

]
AT

1

+b j 11L

[(
X3

j

)T
O1A1 ¯O2ν2ν

T
1 AT

1

]
+

(
X4

j

)T
O2A2 di ag

[
bT

j O2

]
A2ν2ν

T
1

+b j 11L
[
X j ¯O2A2A2 di ag (ν2)OT

2

]
1L1ν

T
1 AT

1 +
(
bT

j O2A2ν2

)
X j O1 di ag (ν1)AT

1 AT
1

+
(
bT

j O2A2ν2

)
XT

j O1A1A1 di ag (ν1)+X j O2 di ag (ν2)AT
2 OT

2 b jν
T
1 AT

1 AT
1

+b jν
T
2 AT

2 AT
2 OT

2 X j O1 di ag (ν1)AT
1 +XT

j O2A2A2ν2bT
j O1A1 di ag (ν1)

]
+

[
1LLO1 di ag (ν1)AT

1 di ag [11LO1]AT
1 +1L1

(
11LO1A1 ¯11LO1 di ag (ν1)AT

1

)
+1LLO1A1 di ag [11LO1]A1 di ag (ν1)+1LLO2ν2ν

T
1 AT

1 di ag [11LO1]AT
1

+1L1
(
11LO1A1 ¯11LO2ν2ν

T
1 AT

1

)+1LLO2A2 di ag [11LO2]A2ν2ν
T
1

+1LLO2A2A2 di ag (ν2)OT
2 1L1ν

T
1 AT

1 + (11LO2A2ν2)1LLO1 di ag (ν1)AT
1 AT

1

+ (11LO2A2ν2)1LLO1A1A1 di ag (ν1)+1LLO2 di ag (ν2)AT
2 OT

2 1L1ν
T
1 AT

1 AT
1

+1L1ν
T
2 AT

2 AT
2 OT

2 1LLO1 di ag (ν1)AT
1 +1LLO2A2A2ν211LO1A1 di ag (ν1)

]
, (140)

∂D

∂A1
=−∑

j

[
OT

1 X j O1 di ag (ν1)AT
1 di ag

[
bT

j O1

]
+di ag

[
bT

j O1

]
AT

1 OT
1 X j O1 di ag (ν1)

+OT
1 X j O2ν2ν

T
1 AT

1 di ag
[

bT
j O1

]
+di ag

[
bT

j O1

]
AT

1 OT
1 X j O2ν2ν

T
1

+OT
1 b j 11L

[
X j ¯O2A2A2 di ag (ν2)OT

2

]
1L1ν

T
1

+
(
bT

j O2A2ν2

)
OT

1 X j O1 di ag (ν1)AT
1 +

(
bT

j O2A2ν2

)
AT

1 OT
1 X j O1 di ag (ν1)

+OT
1 X j O2 di ag (ν2)AT

2 OT
2 b jν

T
1 AT

1 +AT
1 OT

1 X j O2 di ag (ν2)AT
2 OT

2 b jν
T
1

+OT
1 b jν

T
2 AT

2 AT
2 OT

2 X j O1 di ag (ν1)
]

+
[

OT
1 1LLO1 di ag (ν1)AT

1 di ag [11LO1]+di ag [11LO1]AT
1 OT

1 1LLO1 di ag (ν1)

+OT
1 1LLO2ν2ν

T
1 AT

1 di ag [11LO1]+di ag [11LO1]AT
1 OT

1 1LLO2ν2ν
T
1

+OT
1 1LLO2A2A2 di ag (ν2)OT

2 1L1ν
T
1

+ (11LO2A2ν2)OT
1 1LLO1 di ag (ν1)AT

1 + (11LO2A2ν2)AT
1 OT

1 1LLO1 di ag (ν1)

+OT
1 1LLO2 di ag (ν2)AT

2 OT
2 1L1ν

T
1 AT

1 +AT
1 OT

1 1LLO2 di ag (ν2)AT
2 OT

2 1L1ν
T
1

+OT
1 11Lν

T
2 AT

2 AT
2 OT

2 1LLO1 di ag (ν1)
]

, (141)

20



∂D

∂ν1
=−∑

j

[(
AT

1 di ag
[

bT
j O1

]
AT

1 OT
1 X j ¯OT

1

)
1+AT

1 di ag
[

bT
j O1

]
AT

1 OT
1 X j O2ν2

+OT
1 XT

j O2A2 di ag
[

bT
j O2

]
A2ν2 +AT

1 OT
1 b j 11L

[
X j ¯O2A2A2 di ag (ν2)OT

2

]
1L1

+
(
bT

j O2A2ν2

)(
AT

1 AT
1 OT

1 X j ¯OT
1

)
1L1 +AT

1 AT
1 OT

1 X j O2 di ag (ν2)AT
2 OT

2 b j

+ (
AT

1 OT
1 b jν

T
2 AT

2 AT
2 OT

2 X j ¯OT
1

)
1L1

]
+

[(
AT

1 di ag [11LO1]AT
1 OT

1 1L1 ¯OT
1 1L1

)+AT
1 di ag [11LO1]AT

1 OT
1 1LLO2ν2

+OT
1 1LLO2A2 di ag [11LO2]A2ν2 +AT

1 OT
1 1LLO2A2A2 di ag (ν2)OT

2 1L1

+ (11LO2A2ν2)
(
AT

1 AT
1 OT

1 1L1 ¯OT
1 1L1

)+AT
1 AT

1 OT
1 1LLO2 di ag (ν2)AT

2 OT
2 1L1

+ (
AT

1 OT
1 1L1ν

T
2 AT

2 AT
2 OT

2 1L1 ¯OT
1 1L1

)]
, (142)

where X j = V: j :

P: j :
. Multiplicative update rules can be derived from these derivatives by placing

the negative and positive portions in the numerator and denominator of the multiplicative
factor, respectively. Taking advantage of normalization properties of the parameter matri-
ces, the denominator terms simplify to:

41L1
[(

A2
1 +A1 + I

)
ν1

]T
, 1J1,1 [(4A1 +6I)ν1]T , 71J1,1 . (143)

The derivatives for the second chain’s parameters are analogous, with A1 swapped with
A2 and so on for the other parameters. After each iteration, all matrices should be normal-
ized column-wise.
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